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Abstract
A space is called a µ-space if it can be embedded in a countable product of paracompact Fσ -
metrizable spaces. The following are shown:
(1) For a Tychonoff space X, if Cp(X,R) is a µ-space, then X is a countable union of compact
metrizable subspaces.
(2) For a zero-dimensional space X, Cp(X,2) is a µ-space if and only if X is a countable union
of compact metrizable subspaces.
In particular, let P be the space of irrational numbers. Then Cp(P,2) is a cosmic space (i.e., a
space with a countable network) which is not a µ-space.
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1. Introduction
All space are assumed to be completely regular T1.
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A space is called a σ -space (Okuyama [11]) if it has a σ -locally finite network. The
class of σ -spaces plays an important role in the theory of generalized metric spaces (see
Gruenhage [4]). A cosmic space is a space with a countable network, equivalently, a
Lindelöf σ -space.
A space is a µ-space (Nagami [9]) if it can be embedded in the product of countably
many paracompact Fσ -metrizable spaces, where a space is Fσ -metrizable if it is the union
of countably many closed metrizable subspaces. Every µ-space is a paracompact σ -space.
The class of µ-spaces behave very well in dimension theory. For example, Oka [10] and
Mizokami [7] showed that dimX = IndX for any µ-space X.
Delistathis and Watson [2] showed that under CH (the continuum hypothesis), there is
a cosmic space X with dimX = 1 < IndX. Such a space cannot be a µ-space by Oka and
Mizokami’s result. Tamano [14] showed that in ZFC, there is a cosmic space which is not
a µ-space. In this paper, we show that more natural examples exist among function spaces
with the topology of pointwise convergence.
LetA be a collection of subsets of a space X. The partition induced byA is the disjoint
cover {P(A′): A′ ⊂A} of X, where P(A′) =⋂A′ −⋃(A−A′). A is called mosaical
if there is a σ -discrete closed cover of X which refines P(A′). A paracompact space has a
σ -mosaical base if and only if it has an M-structure defined by Mizokami [8] (see [12]).
Let Cp(X,R) be the space of all continuous real valued functions on X with the
topology of pointwise convergence. For a zero-dimensional space X, let Cp(X,2) be the
subspace of Cp(X,R) consisting of all functions with values in 2 = {0,1}. For function
spaces with the topology of pointwise convergence, see [1].
The following two theorems are shown:
Theorem 1. A space X is a countable union of compact metrizable subspaces if either of
the following conditions holds:
(a) Cp(X,R) is a µ-space; or
(b) Cp(X,R) is a paracompact space with a σ -mosaical space.
The following question remains open:
Question 1. Let I = [0,1] be the unit interval with the usual topology. Is Cp(I,R) a
µ-space?
However for Cp(X,2), being a µ-space is completely characterized as follows:
Theorem 2. For a zero-dimensional space X, the following conditions are equivalent:
(1) Cp(X,2) is a µ-space;
(2) Cp(X,2) is a paracompact space with a σ -mosaical base;
(3) X is a countable union of compact metrizable subspaces.
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Note that for a space X (respectively a zero-dimensional space X), Cp(X,R)
(respectively Cp(X,2)) is a cosmic space if and only if X is a cosmic space [1,
Theorem I. 1. 3].
Thus if a space X is a cosmic space (respectively a zero-dimensional cosmic space)
which is not σ -compact, then Cp(X,R) (respectively Cp(X,2)) is a cosmic space
(respectively zero-dimensional cosmic space) which is not a µ-space. In particular,
Cp(P,2) and Cp(P,R) are cosmic spaces which are not µ-spaces, where P is the space
of irrational numbers.
It is known that a stratifiable space is a µ-space if and only if it has a σ -mosaical base
(see [12,6]). Note that Cp(X,R) is stratifiable if and only if X is countable (see [3]). Hence
stratifiability of Cp(X,R) is too strong. But stratifiability of Ck(X,R) turned out to be
quite interesting and related to the M3 ⇒ M1 question (see [5]). The following implications
hold (see [13]):
M0-space ⇒ stratifiable µ-space
⇒ M1-space ⇒ M3-space (= stratifiable space).
Gartside and Reznichenko [3] proved that Ck(P,2) is an M0-space. Indeed, they proved
that 0 ∈ Ck(P,2) has a closure-preserving base consisting of clopen sets [3, Lemma 33].
Since Ck(P,2) is a separable topological group, it has a σ -closure-preserving clopen base,
i.e., it is an M0-space. Furthermore they proved that Ck(P,R) is stratifiable. However it is
still unknown whether Ck(P,R) is an M1-space or not.
The positive answer to the following question implies that Ck(P,R) is an M1-space:
Question 2. Is Ck(P,R) a µ-space?
2. Proofs
In this paper, a set of the form W(x1, . . . , xk;U1, . . . ,Uk) = {f ∈ C(X,R): f (xi) ⊂
Ui, i = 1, . . . , k}, where each Ui is an open interval with rational end points (respectively
each Ui is {0} or {1}), is called a basic open set of Cp(X,R) (respectively Cp(X,2)).
Sometimes another notation is convenient. For f ∈ Cp(X,R) a finite subset F of X, and
ε > 0, define an open set B(f,F, ε) of Cp(X,R) by B(f,F, ε) = {g ∈ Cp(X,R): |f (x)−
g(x)| < ε for any x ∈ F }. For any f ∈ Cp(X,2) and a finite subset F of X, define a clopen
set B(f,F ) of Cp(X,2) by B(f,F ) = {g ∈ Cp(X,2): f (x) = g(x) for any x ∈ F }.
Let 0 ∈ Cp(X,R) be the constant function whose constant value is 0.
Proof of Theorem 1. Case (a): Suppose that there is a space (X,σ) such that Cp(X,R) is a
µ-space but (X,σ) is not the union of any countably many compact metrizable subspaces.
Put Y = Cp(X,R) and let τ be the topology of Y .
Since (Y, τ ) is paracompact, it follows from [1, Theorem I.5.1] that it is Lindelöf.
Thus (Y, τ ) is a Lindelöf σ -space, i.e., a cosmic space. Note that it follows from [1,
Theorem I.1.3] that X is also a cosmic space. Thus (X,σ) is not σ -compact, because
every compact subspace of a σ -space is metrizable (see [4, Theorem 2.3]).
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Since (Y, τ ) is a µ-space, there are topologies ρ, {τi}i∈ω on Y satisfying the following
(see [14]):
(1) ρ ⊂ τi ⊂ τi+1 ⊂ τ for each i ∈ ω, and ⋃i∈ω τi is a base for τ ;
(2) (Y,ρ) is metrizable;
(3) for each i ∈ ω, there is a sequence {Yi,j }j∈ω of ρ-closed sets of Y such that
Y =⋃j∈ω Yi,j , and τi |Yi,j = ρ|Yi,j .
Since τ has a countable network, it is hereditarily Lindelöf. Hence each element of τ
is the union of countably many basic elements. Furthermore, since τ is separable, we have
that ρ is also separable, hence ρ has a countable base. So there is a countable subset A of
X such that ρ is weaker than the topology ρ′ which has the countable subbase
W = {W(p;U): p ∈ A, and U is an open interval
of R with rational endpoints
}
.
Note that ρ′ is separable metrizable since it is homeomorphic to a subspace of Rω .
Replacing ρ by ρ′ and replacing τi by the topology τ ′i generated by τi ∪ ρ′, we have the
same conditions (1), (2) and (3) above. Thus without loss of generality, we may assume
that W is a subbase for ρ.
For each p ∈ X − A, take i(p) ∈ ω, B(p) ∈ τi(p), a finite subset F(p) of X, and a
rational number ε(p) > 0 such that 0 ∈ B(0,F (p), ε(p)) ⊂ B(p) ⊂ B(0, {p},1).
Claim. There are i0 ∈ ω, a rational number ε0 > 0, a set {pn: n ∈ ω} of points of X − A
with i(pn) = i0 and ε(pn) = ε0 for any n ∈ ω, and a discrete family {Un: n ∈ ω} of open
sets of (X,σ) such that pn ∈ Un and (clσ (⋃n∈ω Un)) ∩ (
⋃
n∈ω(Fpn − {pn})) = ∅.
Proof. Since (X,σ) has a countable network, it follows from [4, Corollary 2.9] that there
is a separable metrizable topology π on X with π ⊂ σ . Let G be a countable base for π . For
each p ∈ X−A, take G(p) ∈ G satisfying p ∈ G(p) ⊂ clπ G(p) ⊂ X− (F (p)−{p}). For
each G ∈ G, define SG = {p ∈ X: G(p) = G}. Then, since (X,σ) is not σ -compact, there
is a G0 ∈ G such that clσ SG0 is not compact, equivalently, not countably compact. Since
(X,σ) is paracompact, there is a discrete family {Wn: n ∈ ω} of open sets such that each
Wn meets clσ SG, Put Un = G0 ∩ Wn. Note that SG0 ⊂ G0. Take a point pn ∈ Un ∩ SG0 .
Then it is easy to check that {pn: n ∈ ω} and {Un: n ∈ ω} have the desired properties. 
Now fix i0 ∈ ω, ε0 > 0, {pn: n ∈ ω} and {Un: n ∈ ω} in Claim above.
Consider the subspace Z = {f ∈ Y : f (x) = 0 for any x ∈ P −⋃n∈ω Un} of Y . Let
Zn = {f ∈ Y : f (x) = 0 for any x ∈ P − Un}. Then (Z, τ |Z) is homeomorphic to the
product
∏
n∈ω(Zn, τ |Zn). Let δn be the discrete topology of Zn. Since each Yi0,j , j ∈ ω is
ρ-closed, hence is τ -closed, thus each Yi0,j ∩Z, j ∈ ω can be considered as a closed set in∏
n∈ω(Zn, δn). Apply the Baire category theorem to the product
∏
n∈ω(Zn, δn), we can take
n0 ∈ ω, functions fn ∈ Zn, n < n0, and j0 ∈ ω such that the set W = {f ∈ Z: f |Un = fn
for any n < n0} is a subset of Yi0,j0 .
Define g ∈ W by g(x) = 0 for any x ∈ P −⋃n<n0 Un. Since F(pn0) does not meet
Un,n < n0, we have g ∈ B(0,F (pn0), ε0) ⊂ B(pn0 ) ∈ τi0 . Since τi0 |Yi0,j0 = ρ|Yi0,j0 , there
are ε1 > 0 and a finite subset A′ ⊂ A such that g ∈ B(g,A′, ε1) ∩ Yi0,j0 ⊂ Bpn0 ∩ Yi0,j0 ⊂
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B(0, {pn0},1). Since pn0 ∈ X − A, there is a τ -open neighborhood V of pn0 in Un0
such that A′ ∩ clτ V = ∅. Take a function h ∈ W such that h(pn0) = 1 and h|(X − V ) =
g|(X − V ). Then h ∈ B(g,A′, ε1) ∩W ⊂ B(g,A′, ε1) ∩ Yi0,j0 ⊂ Bpn0 . On the other hand,
we have h /∈ B(0, {pn0},1), hence h /∈ Bpn0 , a contradiction.
Case (b): Suppose that X is a space such that Cp(X,R) is a paracompact space with a
σ -mosaical base
⋃
i∈ω Bi but X is not a union of countably many compact metrizable
subspaces. Then, as in the proof of (a), we can show that Cp(X,R) has a countable
network, hence is Lindelöf. Hence every σ -discrete family of Cp(X,R) is countable.
So the partition Pi induced by Bi is countable for each i ∈ ω. For any p ∈ X, there
are i(p) ∈ ω, B(p) ∈ Bi(p), a rational number ε(p) > 0 and a finite subset F(p) of P
such that 0 ∈ B(0,F (p), ε) ⊂ B(p) ⊂ B(0, {p},1). Then by Claim in Case (a), there
are i0 ∈ ω, ε0 > 0, a set {pn: n ∈ ω} of points of X with i(pn) = i0 and ε(pn) = ε0 for
any n ∈ ω, and a discrete family {Un: n ∈ ω} of open sets of X such that pn ∈ Un and
(clσ (
⋃
n∈ω Un)) ∩ (
⋃
n∈ω(Fpn − {pn})) = ∅.
Now for each subset S of ω, take a function fS ∈ Cp(X,R) satisfying 0 fS(x) 1 for
any x ∈⋃n∈S Un; fS(pn) = 1 for any n ∈ S; and fS(x) = 0 for any x ∈ X − (
⋃
n∈S Un).
Then
fS ∈
⋂{
B
(
0,F (pn), ε
)
: n /∈ S}−
⋃{
B
(
0, {pn},1
)
: n ∈ S}
⊂
(⋂{
B(pn): n /∈ S
})−
(⋃{
B(pn): n ∈ S
})
.
Hence if S,S′ are subsets of ω with S 
= S′ and fS ∈ P ∈ Pi0 , fS ′ ∈ P ′ ∈Pi0 , then P 
= P ′.
Hence |Pi0 | 2ω, which contradicts the countability of Pi0 . 
Proof of Theorem 2. (1) ⇒ (3): Suppose that there is a zero-dimensional space (X,σ)
such that Cp(X,2) is a µ-space but (X,σ) is not the union of any countably many compact
metrizable subspaces. Put Y = Cp(X,2) and let τ be the topology of Y . The proof is
essentially the same as the proof for Case (a) in Theorem 1. Here we only note the
difference. We may assume that {Un: n ∈ ω} in Claim is a family of clopen sets. V can be a
clopen neighborhood of pn0 and h ∈ W should be h(V ) = {1} and h|(X−V ) = g|(X−V ).
(2) ⇒ (3): Here the proof in Theorem 1 Case (b) should be modified as follows:
B(0,F (p), ε) and B(0, {p},1) should be B(0,F (p)) and B(0, {p}). We may assume that
{Un: n ∈ ω} in Claim is a family of clopen sets. fS should be defined by fS(x) = 1 for any
x ∈⋃n∈S Un; and fS(x) = 0 for any x ∈ X − (
⋃
n∈S Un).
(3) ⇒ (1), (2): Assume that X is a zero-dimensional σ -compact space which is the union
of compact metrizable subspaces {Xn: n ∈ ω}. We show that Cp(X,2) can be embedded
in a countable product of countable spaces, which implies (1) and (2). We may assume that
X1 ⊂ X2 ⊂ · · · . Define a map φ :Cp(X,2) →∏n∈ω Cp(Xn,2) by φ(f ) = (f |Xn)n∈ω .
Then it is easy to see that φ is an embedding. For each n ∈ ω, since each Xn is a
zero-dimensional compact metrizable space, we have that Cp(Xn,2) is countable, which
completes the proof. 
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